with R(t, k):= p(t, k)F(k)?(k) Ikl-d dk, F(k)
It has been proved (see [2] , [12] , [7] ) for general random velocity fields that the finiteness of the Peclet number, Pe < oc, implies the diffusive scaling limit. For time independent flows, the condition is in some sense optimal. A finite Peclet number means that the energy of low wavenumbers is sufficiently small and, therefore, that the velocity field has a finite spatial correlation length. Indeed, an associated effective correlation length can be defined as ?* := DoPe/VEIVl2, which is finite whenever Pe is finite. However, the condition of the finite Peclet number is far from being optimal for time dependent flows since the definition of the Peclet number does not take into account the temporal structure of the velocity. For example, we proved in [6] that the scaling limit is diffusive if the velocity is a strongly mixing Markov process; namely, spatial decorrelation is not needed. Such a flow has a finite correlation time, and the Peclet number is irrelevant for the diffusive scaling. Moreover, in this case the molecular diffusion was shown to be a regular perturbation in the sense that as Do -) 0 the effective diffusivity tends to the turbulent diffusivity for Do -0. On the other hand, temporal mixing is not always needed for the diffusive limit even when the Peclet number is infinite. In this paper, we seek to establish a general criterion that takes into account the spatial temporal structure of the flow as well as the effect of molecular diffusion. We shall focus on Markovian velocity fields V with the power-law energy spectrum Under additional assumptions (see section 3), the flow then is strongly mixing in time if and only if 3 = 0 (therefore uniformly finite correlation times). If /3 > 0, the flow is not strongly mixing and has arbitrarily long correlation times Ikl-20 as |kl -+ 0. Also, it is easy to check that the flow has a finite Peclet number if and only if a < 0. Hence we know from the previous results that the scaling is diffusive for c < 0 [2] , [12] , [7] or / = 0 [6] .
A main result of this paper is the establishment of a new diffusion regime in which the flow neither is mixing nor has finite Peclet number but meets other more suitable (and possibly sharp) conditions. Namely, if V(t, x), (t, x) e R x Rd is the temporally stationary, spatially homogeneous Markov velocity field with the properties (3.4) and (3.5) of section 3.1 and with the covariance matrix given by (1.2), (1.4), and (1.5), then, for a + 3 < 1,/3 > 0, the finite dimensional distributions of the rescaled trajectories x6(t) with 6 = 1 converge weakly, as E I 0, to a Wiener measure with the nontrivial covariance matrix 2D > 2DoI. Moreover, the effective diffusivity D as a function of Do satisfies (1.6) 0 < liminfD(D0) < limsupD(Do) < +0o.
Do -o Do --O
It is not clear if the limit limD0o-o D(D0) exists; neither is it clear if the diffusive limit holds when Do is zero from the outset, except in the mixing case (43 = 0) for which we also know that limDoo0 D(Do) = D(0) [6] . It is worthwhile to point out the example that displays a nonperturbative effect of the molecular diffusion, i.e., limD0o0 D(Do) > D(0) [10] . We also give a heuristic scaling argument in section 8 to show that, when a +/3 > 1 but a + 2/3 < 2, the scaling is not diffusive and the limit should be a fractional Brownian motion (FBM). A partial result in this direction is given in [8] (see also [10] ). These results suggest the criterion (1.7) j TrR(t,0)dt < oc as a sufficient condition for the diffusive limit in time dependent flows and that in such a case the molecular diffusion is not needed for homogenization (perhaps in the sense of (1.6)). In contrast to the spatial integration in the definition (1.3), the integration in (1.7) is temporal. We have proved the validity and the sharpness of the criterion (1.7) for a different class of Markovian flows [9] .
Finally, we observe that the condition Pe < oo and (1.7) can be combined into a single condition 2) is more difficult to check. This is the main technical difficulty resolved in this paper. A standard argument shows that the energy identity (4.9) for the correctors is more or less equivalent to the condition (2.2) (cf. Theorem 1 and Corollary 1). While the energy inequality (4.7) is straightforward and holds true in general, the strict equality requires careful estimation of the large scale behavior of the correctors manifest in (3.4).
In section 7 we sketch a plausible generalization of the above argument to general temporally ergodic, reversible Markovian flows satisfying the condition (1.8).
3. The random velocity fields. We will describe the time evolution of the velocity field as a Markov process V(t, .), with values in the space of d-dimensional divergence-free fields X endowed with a probability measure ,/.
Since the velocity fields are spatially homogeneous elements of the state space of the X, we have to account for a possible growth at oo. This can be accomplished by introducing a weight function which decays at x = oc. For the examples considered below, in particular for Gaussian fields, a sufficiently high power-law decaying weight is enough. Therefore, let X be a Banach space of d-dimensional divergence-free fields f : Rd -Rd, that is, the completion of S(Rd, Rd) with respect to the norm The purpose of considering these function spaces on X is to construct the correctors by solving the abstract cell problems defined on them. To this end, we shall also consider a linear Rd valued functional V C H1 that assigns to each realization of the field its value at the origin: 
EA(F, F) > EA(P(I)F, P(l)F).
To account for the power-law behavior of the correlation times (1.5) we assume that the formal generator A has the form 
7(t) := Tx(t)V(t), t > 0.
It is well known (see, e.g., [15] ) that this process is Markovian, stationary, and ergodic with respect to the invariant measure [u. The generator of the process is given by 
The energy estimate and the energy identity.
To study the long time limit, we need to pass to the limit A -* 0. To this end, we consider the right side of 
Now we prove the crucial fact:
A (X*,i,,i*,i) + Do / VX*, VX*,i dp = Gi(x,i)
The key point of the proof is to show that the convection term drops out in the limit.
Here we repeat the argument in [11] . Note that f <l' VX. v P(l)cx*, i dp < ( and, hence, the convergence to the diffusive limit under the condition Vi E H_. In previous sections, we did not prove the diffusive limit theorem in such a generality. Because the formulation of (1.8) does not rely on the Markov property of the velocity, it is tempting to apply it to general (Markovian or non-Markovian) flows whose time correlation functions p(t, k) decay exponentially in time for each k. For flows with nondecaying but oscillating time correlation functions, condition (1.8) may be far from optimal (see [10] for examples).
8. Nondiffusive limit. In this section we present a nondiffusive scaling argument under the conditions a + /3 > 1, a + 2/3 < 2. We set x?(t) := Ex(t/E26), where dx(t)= V(t,x(t)), x(0) = 0, dt and the parameter 6 < 1 is yet to be determined. Here we drop the molecular diffusion for the simplicity of the argument. Molecular diffusion is irrelevant because, as we shall see below, the scaling is superdiffusive (i.e., 6 < 1). Let V-(t, x) be the Gaussian velocity with the power spectrum 
